We investigate lattice effects on wave functions that are lattice analogues of bosonic and fermionic Laughlin wave functions with number of particles per flux ν = 1/q in the Landau levels. These wave functions are defined analytically on lattices with µ particles per lattice site, where µ may be different than ν. We give numerical evidence that these states have the same topological properties as the corresponding continuum Laughlin states for different values of q and for different fillings µ. These states define, in particular, particle-hole symmetric lattice Fractional Quantum Hall states when the lattice is half-filled. On the square lattice it is observed that for q ≤ 4 this particle-hole symmetric state displays the topological properties of the continuum Laughlin state at filling fraction ν = 1/q, while for larger q there is a transition towards long-range ordered anti-ferromagnets. This effect does not persist if the lattice is deformed from a square to a triangular lattice, or on the Kagome lattice, in which case the topological properties of the state are recovered. We then show that changing the number of particles while keeping the expression of these wave functions identical gives rise to edge states that have the same correlations in the bulk as the reference lattice Laughlin states but a different density at the edge. We derive an exact parent Hamiltonian for which all these edge states are ground states with different number of particles. In addition this Hamiltonian admits the reference lattice Laughlin state as its unique ground state of filling factor 1/q. Parent Hamiltonians are also derived for the lattice Laughlin states at other fillings of the lattice, when µ ≤ 1/q or µ ≥ 1 − 1/q and when q = 4 also at half-filling.
I. INTRODUCTION
Strongly correlated quantum systems can give rise to fascinating phenomena that are absent from conventional materials. For example, topological states of matter have attracted a lot of attention, both for the fundamental physics they display as well as for their potential practical applications. They were first realized experimentally with the discovery of the Fractional Quantum Hall (FQH) effect 1 , in which electrons of a two-dimensional electron gas subject to a strong magnetic field form an incompressible quantum fluid giving rise to fractionally charged excitations. A large understanding of the FQH effect was made possible by the discovery of analytical wave functions describing the electrons in a partially filled Landau level, such as Laughlin's wave function 2 .
Experimental realizations of FQH states and manipulation of their quasiparticles however remain a challenge, which motivated a large body of research devoted to the realization of the FQH effect in different systems. An example of such possible systems are chiral spin liquids. In this phase of matter, spins on a lattice form a collective state that has the same topological properties as FQH states. They were first introduced with the Kalmeyer-Laughlin state 3 , a bosonic Laughlin state at filling fraction ν = 1/2 on a lattice with emergent anyonic excitations. Over the last decades, much research has been devoted to finding spin Hamiltonians that have such a state as their ground state. Parent Hamiltonians have been obtained for the KalmeyerLaughlin state and its generalizations [4] [5] [6] [7] [8] [9] and recently several local Hamiltonians on the square or Kagome lattice have been shown to exhibit such a chiral spin liquid as their ground state [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . Parent Hamiltonians and local Hamiltonians have been found as well for a more exotic non-Abelian chiral spin liquid corresponding to the Moore-Read state 8, 20, 21 , while another approach has been the realization of these states in topological flatband models [22] [23] [24] [25] [26] .
Typically, the previous examples of the realization of the Kalmeyer-Laughlin state on spin-1/2 lattices occur either at half-filling of the lattice (half of the spins are pointing up in the z-direction) or at low filling of the lattice (so the system is close to a continuum limit), but it is also proposed that this state can emerge on a lattice at filling 1/3 27 . Indeed it was recently observed 28 numerically that a bosonic FQH Laughlin state with number of particles per flux ν = 1/2 appears as ground state of a Bose-Hubbard model on the Kagome lattice in the hardcore limit when the boson filling fraction is 1/3. Moreover, exact parent Hamiltonians have been obtained for lattice versions of the Laughlin states at number of particles per flux ν = 1/q (q ∈ N) only when the filling factor µ of the lattice is equal to ν, although it is possible to define the Laughlin states also on lattices with a different filling factor 9 . This raises the question of when Laughlin states with number of particles per flux ν = 1/q can appear on lattices when the filling of the lattice µ is different arXiv:1609.02435v2 [cond-mat.str-el] 2 Dec 2016 than ν. This question is relevant for experimental purposes: indeed, if Hamiltonians can be found to stabilize these states when the lattice filling factor is not the same as the continuum filling fraction, this means that there is more flexibility in realizing different models displaying FQH physics in new settings.
It is also of interest to understand whether the lattice may destroy the physics of the FQH effect. Indeed, although one way to check whether a lattice Hamiltonian reproduces FQH physics has been to compare overlaps between its ground state and FQH wave functions 10, 29 , it is not a priori clear that a wave function of a FQH state in the continuum still displays the same topological effects once discretized and placed on a lattice. It has been shown to be the case for the Kalmeyer-Laughlin wave function 7, 30, 31 as well as for the Moore-Read wave function 21, 32 , but we will show here that while it remains true for most of the wave functions we introduce, in some particular cases strong lattice effects may destroy the topological properties.
In this work we address these issues by studying lattice versions of Laughlin wave functions at ν = 1/q for bosons and fermions on arbitrary lattices with filling factor µ not necessarily equal to ν, thus generalizing the Kalmeyer-Laughlin state in the lines of Ref. 9 . We investigate the phase diagram for different values of µ and q using measures of correlations, entanglement entropy and braiding of localized quasiholes to give numerical evidence that in a large part of the phase diagram the states on a square lattice have the same topological properties as the continuum Laughlin states.
When the lattice is half-filled the states have the additional property that they are symmetric under particlehole transformation. While the states for q ≤ 4 define lattice versions of Laughlin states at ν = 1/q, even on a half-filled lattice, it is found that at half-filling on the square lattice the states for q ≥ 5 display long-range anti-ferromagnetic order and are topologically trivial. It is shown that this behaviour is due to geometric properties of the square lattice and that it disappears on frustrated lattices like the triangular and the Kagome lattice, so that states having the topological properties of the Laughlin state at ν = 1/q, q ≥ 2, can be defined on such half-filled frustrated lattice.
We define edge state wave functions for the lattice Laughlin states by acting on the state with a charge located outside the boundary of the lattice. This provides a second way to change the filling of the lattice without changing the topological properties of the state and we show that the edge states that are obtained in this way have a density which is modified at the edge compared to the original lattice Laughlin states, while their density and correlations in the bulk are the same. The states thus constructed are different from the edge states for the Kalmeyer-Laughlin state introduced in Ref. 33 , but they share similar properties.
In addition we derive an exact parent Hamiltonian for which all these edge states are ground states with different number of particles. This Hamiltonian also admits the corresponding lattice Laughlin state as its unique ground state of filling factor 1/q. Parent Hamiltonians are also derived for the lattice Laughlin states at other fillings of the lattice, when µ ≤ 1/q or µ ≥ 1 − 1/q and when q = 4 also at half-filling, which significantly extends the group of models for which parent Hamiltonians can be found. It is notable that these Hamiltonians are not more complicated than the previous ones, but simply require different coupling strengths. The wave functions we consider are invariant under conformal transformations of the lattice positions, but the Hamiltonians we find do not display this symmetry. This allows us to construct a more general class of Hamiltonians that has the lattice Laughlin states as their ground state. Among this class it is possible to find a Hamiltonian which is invariant under the symmetry transformations of the lattice on the cylinder, but there is no Hamiltonian in this class that would be invariant under all conformal transformations. These parent Hamiltonians are long-ranged and involve up to three-body or up to four-body interactions, depending on the model considered.
The paper is organized as follows : in Section II, we define lattice Laughlin states at different lattice filling factors. In Section III, we compute their properties on the square lattice. In Section IV we discuss the particular case of half-filling and show that for large q the states display topological order on frustrated lattices while they are trivial anti-ferromagnets on the square lattice. In Section V we introduce and characterize edge states for the lattice Laughlin states and in Section VI we derive the exact parent Hamiltonians.
II. LATTICE LAUGHLIN STATES AT DIFFERENT LATTICE FILLING FACTORS
In this section we define Laughlin wave functions with number of particles per flux ν = 1/q (q ∈ N) on lattices with arbitrary lattice filling factor, defined as the ratio of the number of particles and the number of lattice sites.
Let us consider an integer N and a lattice with N sites at positions z j , j ∈ {1, 2, . . . , N } in the complex plane. Particular choices of the coordinates z j will for example yield a square, triangular or Kagome lattice on the plane or on the cylinder (using a mapping of the coordinates from the cylinder to the plane). At each lattice site z i we associate a local basis |n i such that the lattice site can be empty (n i = 0) or occupied (n i = 1). We consider M particles (hardcore bosons or fermions) hopping on this lattice and define µ ≡ M N as the lattice filling factor. In general, a wave function defined on this lattice will have the form
where ψ(n 1 , . . . , n N ) = 0 unless the number of particles is i n i = M (if the particles are fermions, the Fock states are defined using the same ordering as for the lattice sites). Let q be a positive integer. To define Laughlin wave functions at ν = 1/q on this lattice, we follow the idea of Moore and Read 34 , later extended to lattices 7, 9, 35 , to express the wave function as some correlator of operators from Conformal Field Theory (CFT):
where V ni (z i ) are operators attached at position z j . At each lattice site we attach the vertex operators
where φ(z) is a chiral bosonic field from the c = 1 Conformal Field Theory, : . . . : denotes normal ordering and η is a positive rational number such that ηN/q is an integer and in all this work η denotes min(η, q − η). 
where δ n is zero unless the number of particles is M =
otherwise. The first factor in Eq. (4) can be interpreted as the attachement of a flux q to each particle, while the second factor represents the net effect of the lattice on a given particle, that in the continuum is generated by the background charge. Note that no background charge needs to be inserted to evaluate the correlator and charge neutrality is directly ensured by the choice of operators (3) . It was shown in Ref. 7 and 9 for lattices defined on the plane that in the thermodynamic limit and when the area a of each site is the same,
where
is a real number that gives rise to a phase factor that does not change the correlations or entanglement entropy of the state. Moreover it was shown that the approximation is valid already for moderate sizes 7, 9 . In the continuum, the wave functions are usually expressed in the basis spanned by the position of the particles Z i . Here the Z i are the positions z i where n i = 1 and the (Z 1 , ..., Z M ) form a basis of the Hilbert space. The wave function written in this basis then becomes (here the phase factors, which can be transformed away if desired, are omitted)
which is the Laughlin wave function at filling fraction ν = 1 q for M particles with positions restricted to the lattice sites.
To define the states on the cylinder, the coordinates are taken to be of the form z j = e xj +iyj , where x j + iy j define the corresponding lattice on the plane. The previous factor can then be computed by writing
and in the thermodynamic limit the real part of the sum can be replaced by an integral 9,34 on the cylinder :
which can be evaluated to yield − 2πη a |x l | 2 2 + constant, where the constant does not depend on z l . In the thermodynamic limit on the cylinder the wave function therefore also reduces to the Laughlin wave function with positions restricted to the lattice sites.
Here it is important to note that the filling factor of the lattice is µ = M N = η q , which can be different from the Laughlin filling fraction ν = 1/q. Here µ is the number of particles per lattice site, whereas ν is the number of particles per number of fluxes. In this work we will be particularly interested in lattice effects in the cases where η = 1, so that µ = ν.
Let us first discuss a few particular values of the parameters q and η. In Fig. 1 , we draw a diagram of the ψ η q states for the different values of the parameters that will be considered in this work.
When µ = 0 (resp. µ = 1), all the lattice sites are empty (resp. occupied), so the state is a trivial ferromagnet. This happens when η = 0 or when η = q (red lines in Fig. 1 ). When η > q, the number of particles in the lattice has to be larger than the number of lattice sites, which is not possible since only single occupancy is allowed. The state ψ η q is therefore not defined for η > q (grey region in Fig. 1 ).
Particular cases that have been considered before are the η = 1, q ≥ 2 states (blue disks in Fig. 1 ), for which the states have been shown 9 to be lattice versions of the Laughlin states and parent Hamiltonians have been obtained. When η ≤ 1, it was shown 9 that the topological entanglement entropy of the states remains the same and that in the limit η → 0, N ∝ 1/η → ∞, the states become Laughlin states in the continuum.
Another particularly interesting case is the choice η = q/2, which corresponds to half-filling of the lattice. In one dimension, the states defined at half-filling (and q not necessarily integer) have been shown 35 to be critical states for q ≤ 2 (orange line in Fig. 1 ) and to exhibit antiferromagnetic long-range order for 2 < q < 4 (dotted orange line in Fig. 1 ). At q = 1, η = 1/2 (green disk), the state in 2D corresponds to an Integer Quantum Hall state 35 . Note that the states are bosonic for even q and fermionic for odd q. 
. The solid blue disks on the line η = 1 correspond to lattice Laughlin states that satisfy µ = ν = 1/q. The green disk is an Integer Quantum Hall state. On the orange line (q not necessarily integer), the state in 1D is critical, while on the dotted orange line it has long range order.
III. PROPERTIES OF THE LATTICE LAUGHLIN STATES
In this section we explore the properties of the lattice Laughlin States to determine the phase diagram of the states in the (q, η) plane. Particle-hole transformation shows that the phase diagram is symmetric along the η = q/2 line, on which the states are particle-hole symmetric. We then give numerical evidence that the states have exponentially decaying correlations on the square lattice unless η = q/2, q ≥ 5. Moreover we show that when the correlations decay exponentially, the states have the same topological entanglement entropy as the Laughlin states in the continuum and that quasihole excitations of these states have the corresponding anyonic statistics.
A. Particle-hole transformation
The different wave functions ψ η q are related under particle-hole transformation. This transformation has the effect of exchanging n i and 1 − n i , so the vertex operators used in the definition of the wave function are transformed as
Now let us defineṼ ni (z j ) the operators used to define the state ψ q−η q and observe that
. (11) This shows that the states ψ η q and ψ q−η q are exchanged under particle-hole transformation (see Fig. 1 ). Note that this transformation also changes the number of particles, so that it relates states at lattice filling factor 1/q and 1 − 1/q. This can be compared to the situation in the continuum, where a particle-hole transformation can be defined 37 to relate the Fractional Quantum Hall states at filling fraction 1/q and 1 − 1/q. On the lattice the particle-hole transformation is however different, because it only involves exchanging the |0 and |1 states, so there is no separate treatment of an electron or a hole. The ψ η q and the ψ q−η q states are therefore related by a simple change of basis, and as such all properties of the wave function that are symmetric with respect to particle-hole transformation will be the same for the ψ states. This is in particular the case of the connected particle-particle correlation function, since
The mapping from a lattice on the complex plane to a cylinder. For the square lattice on the cylinder, the coordinates are zj = exp(2π((xj − Lx/2 + 1/2)/Ly + (yj − Ly/2 + 1/2)i/Ly)), xj ∈ {0, . . . , Lx − 1}, yj ∈ {0, . . . , Ly − 1}. To compute the entanglement entropy of the state, the cylinder is cut into two halves and the Renyi entropy of the first half is computed using a Metropolis-Hastings algorithm. The topological entanglement entropy is extracted by varying the size Ly of the cylinder.
We further illustrate this symmetry by computing the Renyi entropy S A , where ρ A is the density matrix of the ψ η q state restricted to the first half of the square lattice on a cylinder (see Fig. 2 ). Since this quantity is invariant under a change of basis |0 ↔ |1 , this quantity is the same for the states ψ . As an illustration we perform this computation by using a Metropolis-Hastings Monte Carlo algorithm with two independent spin chains 35, 38, 39 for q = 4 as shown in Fig. 3 . The states at η = q/2 are special with respect to this transformation, since these states are particle-hole symmetric : the operators used to define these states are : e ±i √ q/2 :. This is in particular the case for the bosonic ψ 1 2 state, as is the case for the bosonic ν = 1/2 Laughlin state in the continuum. For larger values of q, the Laughlin states in the continuum are not particle-hole symmetric. However on the lattice we can change independently the lattice filling factor µ to 1/2, which amounts to considering the states ψ q/2 q (red stars in Fig. 1 ). Fig. 3 shows that these state have lower entanglement entropy than the states at η = 1. The properties of these states will be investigated in more details in the following.
B. Correlations in the phase diagram
To investigate possible different phases in the (q, η)-diagram, we start by computing the connected particleparticle correlation function C ij ≡ n i n j − n i n j in the bulk of the system for a square lattice on the cylinder, using a Metropolis-Hastings Monte Carlo algorithm. It is found that the correlation function decays exponentially with the distance for all values of q and η, except for q ≥ 5 at η = q/2. In Fig. 4 , we explore the phase diagram by using as parameter the correlation length estimated from nearest-neighbours and next-nearest neighbours correlations in the bulk of the system. More precisely we compute a characteristic length, defined as
where i, i + 1 and i + 2 index neighbouring lattice sites in the periodic direction that are located on a ring in the middle of the cylinder. This parameter is an estimate on how fast the correlations decay. When the decay is exponential with a short correlation length, we observe numerically that this quantity almost coincides with the correlation length. When this characteristic length is larger, further investigations are performed to characterize the decay of correlations. (12)) estimating the correlation length of the ψ η q states. The characteristic length is computed for q integer and η integer and half-integer using a Metropolis-Hastings algorithm on a square 12×12 (or 10×12 for q = 5) lattice on the cylinder. The decay is found to be exponential everywhere, except when η = q/2, q ≥ 5.
We first observe that for a given q the correlation length decreases when η goes away from the half-filling point η = q/2. At η = 1, the correlation length also decreases when q increases. At half-filling however, we find that the states ψ 2.5 5 and ψ 3 6 do not display exponentially decaying correlations, although for η slightly different than q/2 the corresponding ψ η q have exponentially decaying correlations. In Fig. 5 , we show the decay of correlations in two dimensions (Fig. 5a ) and along the periodic direction of the cylinder (Fig. 5b) for the halffilled states at different values of q. It is observed that for q ≤ 4 the correlations decay exponentially. For q ≥ 6, the states display clear long range anti-ferromagnetic correlations. The properties of the states at these particular points will be investigated in more details in Section IV. For q = 5, the correlations decay and results on larger sizes suggest that long range anti-ferromagnetic order is also present at larger scales. In addition, we observe that Monte-Carlo simulations at η = q/2 need more computational effort to converge, in part due to the larger number of particles and in part due to the structure of the wave functions (see Section IV for more details). The computations can be improved by exploiting the particle-hole symmetry at these points to allow global change of configurations respecting this symmetry in the Monte-Carlo paths. In the continuum, the Laughlin state at filling fraction ν = 1/q has a topological entanglement entropy of
To compute the topological entanglement entropy (TEE) of the CFT states, we start with a lattice on the cylinder, cut the cylinder into two halves and compute the Renyi entropy of the first half (Fig. 2) . The size along the cut is L y and we use the behaviour of the entanglement entropy
to extract the topological entanglement entropy γ, as has already been done using Monte-Carlo simulations for several chiral spin liquids for which the wave function is known 7,9,21,32 . The results for the square lattice at q = 4 and different values of η, shown in Fig. 6(a) 
, defined on a half-filled lattice : this state is particle-hole symmetric, but has the topological entanglement entropy of the continuum Laughlin state at filling fraction ν = 1/4, which itself is not particle-hole symmetric. The same observation remains true at q = 2 and q = 3, where the particle-hole symmetric lattice state have the same topological entanglement entropy as the continuum Laughlin state at ν = 1/q (see Fig. 6(b) ). However, as we have seen previously the states ψ q/2 q for q larger than 5 on the square lattice have long range anti-ferromagnetic correlations. They do not display non-trivial topological behaviour, as will be clear from more investigations in Section IV. The previous results show that the ψ η q states have similar properties as the continuum Laughlin states. A further tool that can be used to characterize the topological nature of these states is the braiding properties of its anyonic excitations, which can be computed easily when the wave function as well as the quasihole excitations are known analytically. In order to do this, we construct wave functions for the ψ η q states in the presence of localized quasihole excitations 43, 44 . We numerically test the screening of quasiholes, which allows us to compute their braiding properties and to confirm that these quasiholes have the same statistics as the anyons in the continuum Laughlin states.
Let us first start by defining wave functions for quasiholes, following Ref. 43 . Consider Q quasiholes at positions w j , j ∈ {1, 2, . . . , Q}, with charge p j /q, where p j is a positive integer. We denote P = 
FIG. 6. (a) Scaling of the Renyi entropy S (2)
Ly of the state ψ η 4 on a Lx × Ly square lattice on the cylinder (Fig. 2) . The topological entanglement entropy of the Laughlin state at filling 1/4 (γ0(4) = ln(2) ≈ 0.693) is indicated with a red arrow. The size Lx is taken to be 12, unless η = 2 in which case Lx is 20. Larger sizes are taken when η = q/2, to account for the longer correlation length and to get rid of finite size effects. The black lines are linear fits and the values found for the topological entanglement entropy when η equals to 0.5, 1, 1. on the square lattice on the cylinder. Here Lx is 12 for q = 2 and 20 for q = 3. The topological entanglement entropy of the Laughlin state at filling 1/2, γ0(2) ≈ 0.346 (resp. at filling 1/3, γ0(3) ≈ 0.549) is indicated with a green (resp. blue) arrow. The values found for the topological entanglement entropy are respectively 0.375 and 0.536. and we consider the wavefunction given by
This expression evaluates to
where δ n is zero unless the number of particles is
In the thermodynamic limit, it can be shown 43, 44 that this wave function for quasiholes is an analog of the wave function for quasiholes of Laughlin states in the continuum 34 , but with the position of the particles restricted to the lattice sites.
It was observed 43, 44 that the anyonic statistics of the quasiholes can be computed by looking at the density of the state. Indeed, when the change of density due to the quasiholes is localized around the position of the quasiholes, then the Berry phase is zero 43, 44 and therefore the statistics is governed by the monodromy, i.e. the change obtained from analytical continuation of the wave function when the quasiholes move around each other. For two quasiholes of charge p i and p j when the i th quasihole is moved in the counter-clockwise direction around the j th quasihole, the monodromy is e 2πipipj /q , which corresponds to the statistics expected for quasihole excitations of the Laughlin state at ν = 1/q.
It therefore remains to be checked whether the change of density due to the presence of a quasihole is localized for any value of η. In Fig. 7 we give numerical evidence that this is the case for different values of η at q = 4. We also show that the quasiholes are localized even for larger values of q (at least up to q = 10) at η = 1, so that these wave functions may describe lattice Laughlin states for such q. However at q = 10 and half-filling of the lattice (η = 5), we find that there is no screening of the quasihole of charge 1/q. This is an additional indication that for large q and at half-filling of the lattice the states do not display the same topological properties as for lower fillings.
IV. STATES AT HALF-FILLING : FROM LONG-RANGE ORDER ON THE SQUARE LATTICE TO TOPOLOGICAL ORDER ON FRUSTRATED LATTICES
So far we have investigated the properties of the states on a square lattice. As we have seen, the states on this lattice are lattice versions of the continuum Laughlin states, except at half-filling when q ≥ 5 where the states display long-range anti-ferromagnetic order. We now focus on these particular values of the parameters and investigate this effect in more details. We show that on the for the quasihole with charge 1/q) and are visible in blue as a lack of density on the neighbouring sites. At q = 4, it is found for all values of η that the quasiholes are localized. For q = 10 however, the quasiholes are localized when η = 1, but at half-filling (η = 5) we observe that there is no splitting of the charge between a quasihole of charge 1/q and a quasihole of charge (q − 1)/q and thus no screening of the quasiholes.
square lattice these states are well described by a simple combination of two Néel states that explain the behaviour of the correlations. We then turn to frustrated lattices and show that long-range order is not present on these lattices and that the expected topological behaviour is recovered.
A. Long range antiferromagnetic order and Néel states
The correlations previously computed show that for large values of q and η = q/2, the state on the square lattice has long range anti-ferromagnetic correlations reminiscent of Néel states. To understand this, let us look at the behaviour in the limit of infinite q. The dominating term in the wave function has the form i<j (z i −z j ) qninj , and only terms where the two positions z i and z j are occupied by a particle contribute to the wave function. The main contribution to the wave function therefore comes from states that maximize the product of the distances between pairs of particles on the lattice. In the infinite q limit, only the states maximizing this product contribute to the wave function and the contribution of the other terms is suppressed. Since the lattice is half-filled, it is not possible to put particles too far apart to maximize this product. For the square lattice, the maximum is obtained when lattice sites alternate between empty and occupied sites in a checkerboard pattern. There are two such possibilities, corresponding to the two Néel states, that we denote ψ 1 Néel and ψ 2 Néel and that are related by particle-hole transformation. To investigate how much these two Néel states contribute to the wave function, we compute the overlaps between each Néel state and the state ψ q/2 q for different lattice sizes (see Fig. 8 ). For large values of q, it is found that O q ≡ | ψ Néel . For smaller values of q, this quantity goes rapidly to zero, while there is a transition in the range 5 ≤ q ≤ 7 where the overlap goes to zero but remains high, especially considering the size of the Hilbert space for the lattices considered. This explains the behaviour of the correlations, which decay exponentially for small q but have long range order for large q. For other bipartite lattices which can support Néel states the argument given for infinite q remains valid, so we expect a behaviour similar as for the square lattice. However the transition range might happen for different values of q.
B. Frustration destroys the antiferromagnetic order
Let us note that the two Néel states can arise because of the geometry of the square lattice. In this particular case, strong lattice effects at half-filling can give rise to antiferromagnetic behaviour. On frustrated lattices, we cannot define two Néel states respecting the symmetries of the lattice. We therefore now turn on to investigations of the ψ q/2 q on the triangular and Kagome lattices. Fig. 9 shows evidence that the particle-particle correlations on the triangular and Kagome lattices decay exponentially with the distance even for q = 6, in sharp contrast with the behavior on the square lattice.
Since the states are defined as a function of the positions z i of the lattice points, we can study the transition between the square and the triangular lattice by changing continuously the coordinates z i to interpolate linearly between a square lattice and a triangular lattice on the cylinder (Fig. 10) . The decay of correlations for q = 6 is shown in Fig. 11 for different values of the interpolation parameter τ . We observe that the correlations decay exponentially when the lattice is close to a triangular lattice (0.7 ≤ τ ≤ 1), while there is a transition towards antiferromagnetic order when the lattice gets closer to the square lattice. This confirms the importance of the geometry of the lattice in the study of the wave functions ψ q/2 q .
C. Topological entanglement entropy on the triangular lattice
It was shown previously that the long range order was destroyed on frustrated lattices. We might therefore wonder whether these half-filled states on the triangular lattice have the same topological properties as the continuum Laughlin states at filling fraction ν = 1/q. We compute in Fig. 12 the topological entanglement entropy of the state ψ q/2 q on the triangular lattice and show that its value is compatible with the value for the corresponding continuum Laughlin states at q = 2, 4 and 6. Particlehole symmetric lattice Laughlin states with topological order on the triangular lattice may therefore be described by these wave functions.
V. EDGE STATES FROM A CHARGE AT INFINITY
In this section we define wave functions for edge states of the lattice Laughlin states. These states are constructed using a charge operator placed at infinity and their wave functions have the same expression as the lattice Laughlin states, except that the number of particles is different. They have the same correlations as the ψ η q states in the bulk but a different density at the edge, as we shall see below.
As we have seen previously, the presence of quasiholes affects the number of particles in the lattice, and hence also the filling factor µ of the lattice. However, since the quasiholes are localized, the density is affected locally and far from any quasihole the density stays equal to µ. Let us investigate the effect of inserting in the correlator defining the wave function a single operator W p (∞) =: e i p √ q φ(∞) : of charge p/q, p integer, when the position of the operator is taken to infinity. When the lattice is mapped to the cylinder, this amounts to having a charge at infinity on the axis of the cylinder (Fig. 13) . We suppose here that we start with a state at η = 1, so the wave function is
We denote this state ψ We show in Fig. 13 that these two states differ in their density : the density of the ψ 1 2 [p] ∞ state on the cylinder is the same as the density of the ψ 1 2 state (1/2) in the bulk, but is modified on the edge to account for the different total number of particles. This modification of the density is exponentially decaying from the edge towards the bulk of the system. This is in contrast with the den- has uniform density 1/2 but here the density is modified at the edge to account for the change of total particle number. In addition, we give numerical evidence in Fig. 14 Note that on the cylinder it is also possible to describe edge states on the other edge by choosing the position of the charge to be 0 instead of infinity. Since the coordinates of the lattice on the cylinder as well as the coefficients of the wave functions are invariant under a transformation z → 1/z, this simply amounts to flipping the two sides of the cylinder and as such will not change the properties of the states.
VI. DERIVATION OF PARENT HAMILTONIANS
In this section we derive exact parent Hamiltonians of the lattice Laughlin states. We start by deriving a parent Hamiltonian for which the ψ q is the unique ground state of this Hamiltonian with lattice filling factor 1/q. We then provide a general method for deriving the parent Hamiltonian of a state when we already know the parent Hamiltonian for a different state which differs from the first only by a product of single-body operators. This allows us to obtain parent Hamiltonians of the ψ η q states when η ≤ 1 or η ≥ q − 1. Compared to the approach used to connect Hamiltonians in the lattice and in the continuum limit in Ref. 44 , our Hamiltonians do not increase in complexity when we go from the lattice to the continuum limit, since only the coupling strengths need to be changed with η. We finally consider the states at half-filling and derive a parent Hamiltonian for the ψ 
In Ref. 43 , an exact parent Hamiltonian was derived for states written in this form when p > 0. We follow here the same procedure and extend this result to p > −q. The starting point is to consider a field χ(w) defined as where
here we assume η = 1). χ(w) is a null field 9, 43 , so the correlator with this field inserted vanishes :
As derived in more details in Appendix A, this equation can be rewritten, when p > −q, as
Here d j is the hardcore boson (resp. fermion) annihilation operator for q even (resp. odd), and n j = d † j d j is the number of particles at site j. Taking the limit w → ∞, so that the charge is at infinity, leads to
This leads to H|ψ 
is a positive semi-definite operator annihilating the wave function ψ 
We will use our previous result and account for this factor at the level of the Hamiltonian. Let us denote T the operator
where we have defined
and using Eq.(26),
Notice first that
This means that we can rewrite T −1 Λ i T as
Finally we get that the state ψ η q is a ground state of the Hamiltonian
and exact diagonalization on small systems shows that it is its only ground state of total number of particle M = η N q . Note that in this derivation we assumed p > −q to be able to use the Hamiltonian for the edge state ψ 1 q [p] ∞ . This implies that this derivation is valid whenever N (1 − η) > −q, in other words η < 1 + q N . In the thermodynamic limit, the Hamiltonian is therefore valid for η ≤ 1 (see Fig. 15 ).
result can be applied to all the parent Hamiltonians derived in this paper to make them invariant under the symmetry transformations of the cylinder.
VII. CONCLUSION
This work studies lattice versions of Laughlin wave functions with number of particles per flux ν = 1/q for bosons and fermions on arbitrary lattices with filling factor µ = η/q, thus allowing to investigate lattice effects all the way along the interpolation between the continuum limit and the completely filled lattice. These wave functions ψ η q are defined as correlators from CFT fields and can be investigated numerically using Monte-Carlo techniques.
The phase diagram in the (q,η) plane was established by computing correlations, topological entanglement entropies and braiding properties of localized quasihole excitations. When the lattice is not half-filled, it was shown on the square lattice that the lattice Laughlin states have the same topological properties as the continuum Laughlin state. When the lattice is half-filled, the states have the additional property that they are symmetric under particle-hole transformation. In this case we observed that on the square lattice the states for q ≤ 4 still share the same topological properties as the continuum Laughlin states, but that the states for q ≥ 5 are antiferromagnets with long-range order. This effect does not persist if the lattice is deformed from a square to a triangular lattice, or on the Kagome lattice, in which case frustration destroys the long-range order and the topological properties of the state are recovered.
We then defined edge states wave functions for these lattice Laughlin states. These edge states are defined by changing the number of particles while keeping the expression of the wave function identical, which is equivalent to introducing a charge operator at infinity in the state. Numerical investigations showed that these edge states have a modified density at the edge, but share the same correlations in the bulk as the lattice Laughlin states.
An exact parent Hamiltonian for which all these edge states are ground states with different number of particles was derived. In addition this Hamiltonian admits the lattice Laughlin state ψ 1 q as its unique ground state of filling factor 1/q. We then constructed parent Hamiltonians for the lattice Laughlin states at other fillings of the lattice, when µ ≤ 1/q or µ ≥ (q − 1)/q, which significantly extends the group of lattice FQH models for which parent Hamiltonians can be found. In addition we also derived parents Hamiltonians for the state at q = 4 for any filling factor of the lattice. We showed more generally that there is a class of Hamiltonians having the lattice Laughlin states as their ground state and that it was possible to find a Hamiltonian in this class that has the symmetries of the lattice on the cylinder, but not a Hamiltonian that is invariant under all conformal transformations of the lattice. It is in general not clear how a lattice may affect the properties of Fractional Quantum Hall wave functions. In the present work we provided a model that allows us to consider all lattice filling factors from the continuum limit to the almost filled lattice and to check that the properties of the Laughlin states remain the same except for very special cases. This procedure can also be applied to other Fractional Quantum Hall states that are constructed from wave functions on lattices. It is interesting because it shows that such Fractional Quantum Hall states could possibly be realized in settings where lattice effects are strong and the number of particles per lattice much larger than ν = 1/q, especially on frustrated lattices, thus increasing the chance to find new models displaying Fractional Quantum Hall physics. In addition, we showed that by looking at the screening properties of a quasihole wave function, we could probe the topology of the ground state wave function and construct the phase diagram. This method can therefore be used as a tool to probe topology in cases where an ansatz for the quasiparticle excitations is known.
